Rules for integrands of the form (a + bx")P (¢ + d x")1

1: -J-(a+bx")" (c+dx")%dx whenbc-ad#@ A (p|q) ez*

Derivation: Algebraic expansion

Rule1.1.3.3.1:If bc-ad+0 A (p | q) € Z*,then

J(a +bx")? (c+dx")%dx — JExpandIntegr‘and [(a+bx")? (c+dx")%, x] dx

Program code:
Int[(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)"q_.,x_Symbol] :=

Int [ExpandIntegrand[ (a+bxx"n) px (c+d*x”*n)~q,x],x] /;
FreeQ[{a,b,c,d,n},x] & NeQ[bxc-axd,0] &% IGtQ[p,0] && IGtQ[q,0]

2: J(a+bx“)p(c+dx")qu whenbc-ad#@ A (p|q) €Z An<0

Derivation: Algebraic expansion
Basis: If p € Z,then (a+ b x")P == x"P (b+ax™"™)P

Rule1.1.3.3.2:If bc-ad+0 A (p|q) €Z A n<0,then

Jlaebx)? (cean)tax o [0 (braxn)® (a4 cx?)?ax

Program code:

Int[(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)~q_.,x_Symbol] :=
Int[X”* (nx (p+q) ) * (b+axx” (-n) ) *px (d+cxx” (-n) )*q,x] /;
FreeQ[{a,b,c,d,n},x] & NeQ[bxc-axd,0] &% IntegersQ[p,q] && NegQ[n]



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

3: f(a+bx")p (c+dx")qd1x whenbc-ad#0 A nez-

Derivation: Integration by substitution

Basis: F [X] == —Subst{ﬂi—zlL, X, ﬂ Oy L

X
Rule1.1.3.33:If bc-ad #0 A neZ,then
J‘(a+bx")p (c+dx")Tdx — _SUbst[J-(a+bx‘")p2(c+dx‘")q dx, X, l]

Program code:

Int[(a_+b_.*x_*n_)"p_.*(c_+d_.*x_"n_)"q_.,x_Symbol] :=
-Subst[Int[ (a+b*x” (-n) ) p* (c+d*x”" (-n))~*q/x"2,x],x,1/x] /;
FreeQ[{a,b,c,d,p,q},x] && NeQ[bxc-axd,0] && ILtQ[n,0]



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

4: J(a+bx")” (c+dx")qd1x whenbc-ad#0 A neF

Derivation: Integration by substitution
Basis: If geZ’, then rx" = g Subst[xE* F[xE"], x, x*/&8] 8,x"/&
Rulel1.1.33.4:f bc-ad +0 A neF,letg = Denominator[n], then

j(a+bx")” (c+dx")%dx — gSubst[‘J\xg'1 (a+bxE")P (c+dxE")%dx, x, x”g]

Program code:

Int[(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)"q_.,x_Symbol] :=
With[{g=Denominator[n]},
g+Subst [Int [X" (g-1) » (a+b*X”" (g%n) ) *p* (C+d*X" (g%n) ) ~q,X] ,X,x" (1/8) ]] /5
FreeQ[{a,b,c,d,p,q},x] & NeQ[bxc-axd,0] && FractionQ[n]



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

5. j(a+bx")p(c+dx")qd1x when bc-ad#@ An(p+q+1) +1==0

(a+bx)
1. j—dlx when bc-ad#@ Anp+1=20 A nez
c+dx"

1:J~ = dx whenbc-ad#0
a+bx )1/3 (c+dx3)

Note: This rule for cubic binomials is optional, but leads to slightly simpler results than the following one.
Rule1.1.3.3.5.1.1:1f bc - ad # 0, letq- (2=2¢)*”, then
J 1 o ArcTan[ 22| _Log[c+dx] Log[ax- (a+bx)™]

(a+bx3')1/3 (c+dx?) V3 cq 6cq 2cq

Program code:

Int[1/((a_+b_.*x_"3)"(1/3) % (c_+d_.*x_"3)),x_Symbol] :=

With[{q=Rt[ (bxc-axd)/c,3]},

ArcTan[ (1+ (2xq*X) / (a+b*x”*3)~(1/3)) /Sqrt[3]1]1/ (Sqrt[3]*cxq) + Log[c+d*x"3]/ (6xc*xq) - Log[qxx- (a+bxx"3)"(1/3)]1/(2*cxq)] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0]

a+bx
2: J dlxwhenbc-ad;te/\np+1==0/\nez
c+dx"

Derivation: Integration by substitution

Basis: If n € Z,then ——2—— - subst| x, —*—] 5, —=*

(avbx") Y™ (cadx") c-(be- ad) x" 777 (apxn) (asbxn) V/n

Rule1.1.3.35.1.2:1f bc-ad+0@ Anp+1==0 A neZzthen



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

(a+bx")p 1 X
J— dx — Subst[J— dx, x, —]
c+dx" c-(bc-ad) x" (a+bx")1/n

Program code:
Int[(a_+b_.*x_"n_)"p_/(c_+d_.*x_"n_),x_Symbol] :=

Subst [Int[1/ (c- (bxc-axd) xx*n) ,x],X,X/ (a+bxx*n)~(1/n)] /;
FreeQ[{a,b,c,d},x] &% NeQ[bxc-axd,0] && EqQ[n*p+1,0] && IntegerQ[n]

2: J~(a+bx")p (c+dx")%dx whenbc-ad#@ An(p+q+1) +1=0 A >0 A p#-1

Derivation: Binomial product recurrence 1withA = 1,B =0andn (p+q+1) +1=:0

Note: If this kool rules applies, it will also apply to the resulting integrands until p and q are reduced to the interval [-1,0).

Rulel1.1.3352:1f bc-ad+0@ An(p+gq+1) +1=0 A qg>0 A p+ -1,then

x(a+bx")"”'1 (c+dx“)q cq

J(a+bx")" (c+dx")%dax — - J\(-‘be")p+1 (C+dx")q'1d1x

an (p+1) a(p+1)

Program code:

Int[ (a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_.,x_Symbol] :=
-X* (a+b*x”n) * (p+1) * (c+d*x"*n) *q/ (a*xn* (p+1)) -
cxq/ (ax (p+1) ) *Int[ (a+bxx”n)~ (p+1) * (c+d*x”*n)~ (q-1) ,x] /;
FreeQ[{a,b,c,d,n,p},x] & & NeQ[bxc-axd,0] && EqQ[n* (p+q+1) +1,0] && GtQ[q,0] && NeQ[p,-1]

3: j(a+bx")p (c+dx")%dx whenbc-ad#@ An(p+q+1) +1==0 A peZ-

Rulel1.1.3.353:If bc-ad+@ An(p+gq+1) +1=0 A pez,then



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

J-(a+bx")p (c+dx")%dx — Hypergeometr‘icZFl[—, -p, 1+ —, -

Program code:

Int[ (a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=
a”pxx/ (c”(p+1) » (c+d*x”n)~ (1/n) ) xHypergeometric2F1[1/n,-p,1+1/n,- (bxc-axd) *x*n/ (a* (c+dxx*n))] /;
FreeQ[{a,b,c,d,n,q},x] &% NeQ[bxc-axd,0] && EqQ[n* (p+q+1) +1,0] && ILtQ[p,0]

4: J(a+bx“)" (c+dx")%dx whenbc-ad#@ An(p+q+1) +1=0

Rule1.1.3.3.54:If bc-ad+0@ An(p+gq+1) +1==0,then
X +bx")P
J(a +bx")? (c+dx")%dx — CALLY - Hyper‘geometr‘iczFl[l, -p, 1+ l,
c(c a+b x" )p(c+dxn);+p n n

a (c+dx")

Program code:
Int[ (a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=
X* (a+b*x”n) *p/ (C* (Cx (a+b*x”n) / (ax (c+d*x”n) ) ) *p* (C+d*xx*n)* (1/n+p) )

Hypergeometric2F1[1/n,-p,1+1/n,- (bxc-a*d) *xx*n/ (ax (c+d*x”n))] /;
FreeQ[{a,b,c,d,n,p,q},x] & NeQ[bxc-axd,0] &&% EqQ[n* (p+q+1) +1,0]

6. j(a+bx")p(c+dx")qd1x when bc-ad#@ An(p+q+2) +1==0

1: J~(a+bx")'J (c+dx")%dx whenbc-ad#8 An(p+q+2) +1=0 A ad (p+1) +bc (q+1) =

Derivation: Binomial product recurrence 2awithA = 1,B=0andn (p+q+2) +1=0

Rule1.1.3.36.1:If bc-ad+@ An(p+q+2)+1=0 Aad (p+1) +bc (g+1)

aP x 1 1 (bc—ad)x"]

2 (cudxn) n N a(c+dx")

(bc-ad) x"

a(c+dx")

= 0, then

]



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

X (a + bx")p":l (c +dx")q+1

an d"qdl
J(a+ x)(c+ x) X — -

Program code:

Int[ (a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)”"q_,x_Symbol] :=
X* (a+b*x”n) ~ (p+1) * (c+d*x*n) ~ (q+1) / (axc) /;
FreeQ[{a,b,c,d,n,p,q},x] & NeQ[bxc-axd,0] && EqQ[nx (p+q+2) +1,0] && EqQ[axd* (p+1) +bxcx (q+1),0]

(* Int[(al_+bl_.xx_"n2_.)"p_=(a2_+b2_.xx_"n2_.)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=

X* (al+blxx” (n/2) )~ (p+1) * (a2+b2xx”* (n/2) )~ (p+1) *» (c+d*x"n) ~ (q+1) / (alxa2xc) /;
FreeQ[{al,b1,a2,b2,c,d,n,p,q},x] && EqQ[n2,n/2] && EqQ[a2xbl+alxb2,0] && EqQ[nx (p+q+2)+1,0] && EqQ[alxa2xdx (p+1) +blxb2xc* (q+1),0] =*)

2: f(a+bx")p (c+dx")%dx whenbc-ad#@ An(p+q+2) +1=0 A p<-1

Derivation: Binomial product recurrence 2awithA = 1,B=0andn (p+q+2) +1=0
Note: Note the resulting integrand is of the form (a+bx")? (c+dx")* wheren (p+q+1) +1=e.

Rule1.1.3.3.6.2:1f bc-ad+@ An(p+gq+2) +1==0 A p< -1,then

bx (a+bx")P? (c+dx")™" bcsn(p+1) (bc-ad)
+
an(p+1) (bc-ad) an(p+1) (bc-ad)

J‘(a+bx”)p(c+dx")qdlx—> - J(a+bx")p+1 (c+dx")qd1x

Program code:

Int[ (a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)”"q_,x_Symbol] :=

-bxx* (a+bx*x*n) ~ (p+1) * (c+dxx*n) ~ (q+1) / (a*n* (p+1) * (bxc-axd)) +

(bxc+nx (p+1) * (bxc-axd)) / (a*n* (p+1) * (bxc-axd) ) *Int[ (a+bxx*n)* (p+1) * (c+dxx*n)*q,x] /;
FreeQ[{a,b,c,d,n,q},x] && NeQ[bxc-axd,0] &% EqQ[n* (p+q+2)+1,0] && (LtQ[p,-1] || Not[LtQ[q,-1]]) && NeQ[p,-1]



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

7. J(a+bx")p (c+dx") dx when bc-ad#0

1: J(a+bx")p (c+dx") dx whenbc-ad#@ A ad-bc (n(p+1) +1) =

Derivation: Trinomial recurrence 2bwithc =9,p=0and ad-bc (n (p+1) +1) =

Rulel1.1.33.7.1:if bc-ad+@ Aad-bc (n(p+1) +1) == 0,then

cx (a+bx")p+1

J(a+bx")p (c+dx") dx —
a

Program code:

Int[ (a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_) ,x_Symbol] :=
cxX* (a+bxx*n)” (p+1) /a /;
FreeQ[{a,b,c,d,n,p},x] && NeQ[bxc-axd,0] && EqQ[axd-bxc* (n* (p+1)+1),0]

Int[(al_+bl_.xx_"non2_.)"p_.x(a2_+b2_.xx_"non2_.)"p_.* (c_+d_.*x_"n_),x_Symbol] :=
cxX* (al+blxx”(n/2) )~ (p+1) * (a2+b2xx” (n/2) )~ (p+1) / (alxa2) /;
FreeQ[{al1,b1,a2,b2,c,d,n,p},x] && EqQ[non2,n/2] && EqQ[a2xbl+alxb2,0] && EqQ[alxa2xd-blxb2xcx (nx (p+1) +1),0]



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

2: J-(a+bx")p (c+dx") dx whenbc-ad#@ A p<-1

Derivation: Trinomial recurrence 2b withc = @andp = ©

Rule1.1.33.7.2:f bc-ad +#+0 A p < -1,then

(bc-ad) x (a+bx")"" ad_bc (n(p+1) +1)

j(a+bx")p(c+dx") dx — - - j(a+bx")p+1dx

abn (p+1) abn (p+1)

Program code:

Int[(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_),x_Symbol] :=

- (bxc-axd) *x* (a+bxx”*n) ~ (p+1) / (axbxnx (p+1)) -

(axd-bxcx (nx (p+1) +1) ) / (axbxnx (p+1) ) *xInt[ (a+bxx”*n) ~ (p+1) ,x] /;
FreeQ[{a,b,c,d,n,p},x] & & NeQ[bxc-axd,0] && (LtQ[p,-1] || ILtQ[1/n+p,0])

Int[(al_+bl_.xx_“non2_.)"p_.x(a2_+b2_.xx_"non2_.)"p_.x(c_+d_.*x_"n_) ,x_Symbol] :=
- (blxb2xc-al*a2xd) *x* (al+blxx” (n/2) )" (p+1) » (a2+b2xx* (n/2) )" (p+1) / (alxa2xblxb2xnx (p+1)) -
(alxa2xd-blxb2xc* (n* (p+1) +1) )/ (al*a2xblxb2xn (p+1) ) *Int[ (al+blxx”(n/2)) " (p+1) * (a2+b2xx”(n/2)) "~ (p+1),x] /;
FreeQ[ {al,bl,a2,b2,c,d,n},x] & EqQ[non2,n/2] && EqQ[a2xbl+alxb2,0] && (LtQ[p,-1] || ILtQ[1/n+p,0])



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

c+dx"
3:J dx whenbc-ad#0 A n<eo
a+bx"

Derivation: Algebraic expansion

tee CHd X" € bc-ad
Basis: a+bx"  a a (b+ax™)

Rule1.1.3.3.7.3:If bc-ad #+ @ A n < 0,then

c+dx" cx bc-ad 1
J d J dx
b+ax™"

a+bx" a

Program code:

Int[(c_+d_.*x_"n_)/(a_+b_.*x_"n_),x_Symbol] :=
cxx/a - (bxc-axd)/axInt[1/ (b+axx”(-n)),x] /;
FreeQ[{a,b,c,d,n},x] && NeQ[bxc-axd,0] & LtQ[n,0]

4: J(a+bx")p (c+dx") dx whenbc-ad#@ An(p+1) +1+#0

Derivation: Trinomial recurrence 2b with ¢ = @ and p = @ composed with binomial recurrence 1b withp = @

Rulel1.1.33.74:1f bc-ad+0 A n (p+1) +1 + 0,then

dx (a+bx")”*1

ad-bc (n(p+1) +1)

J-(a+bx“)p (c+dx") dx —
b(n(p+1) +1)

Program code:

Int[ (a_+b_.*x_"~n_)"p_=*(c_+d_.*x_"n_),x_Symbol] :=

dxx* (a+b*xx”n)~ (p+1) / (bx (n* (p+1) +1)) -

(axd-bxcx (n*x (p+1) +1) ) / (b* (n* (p+1) +1) ) *Int[ (a+bxx”*n)*p,x] /;
FreeQ[{a,b,c,d,n},x] && NeQ[bxc-axd,0] && NeQ[nx (p+1) +1,0]

b(n(p+1) +1)

j(a +bx")Pdx

10



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

Int[(al_+bl_.xx_"non2_.)"p_.x(a2_+b2_.*x_"non2_.)"p_.#* (c_+d_.*x_"n_),x_Symbol] :=

dxx* (al+blxx” (n/2) )~ (p+1) * (a2+b2xx”~ (n/2) )~ (p+1) / (b1xb2x (n* (p+1) +1)) -

(alxa2xd-blxb2xcx (nx (p+1) +1)) / (b1xb2% (nx (p+1) +1) ) *xInt[ (al+blxx”(n/2))*p* (a2+b2xx" (n/2) ) p,x] /;
FreeQ[{al,bl1,a2,b2,c,d,n,p},x] &% EqQ[non2,n/2] && EqQ[a2xbl+alxb2,0] && NeQ[n=x (p+1)+1,0]

8: J(a+bx")p(c+dx”)qdlx whenbc-ad #0 AnNeZ*ApeZ*AqeZ A p=-q

Derivation: Algebraic expansion

Rule1.1.338:If bc-ad +@ AneZ"ApeZ"ANqeZ A p=-q,then

J(a +bx")? (c+dx")%dx — JPolynomialDivide[(a +bx")P, (c+dx")™, x] dx

Program code:

Int[(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)~q_,x_Symbol] :=
Int [PolynomialDivide [ (a+bxx"n)"p, (c+d#x"n)~(-q) ,x],x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] & IGtQ[n,0] && IGtQ[p,0] && ILtQ[q,0] && GeQ[p,-q]

11



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

(a+bx)
9. j—d]x when bc-ad#0
c+dx"

a+bx
0: J dlxwhenbc—ad;tOAn(p—1)+1==0AneZ
c+dx"

Derivation: Algebraic expansion

BaS|S (a+bz)p .. b(asbz)P?  (bc-ad) (a+bz)P?

wdz d d (c+d z)
 Rule1.13.39.0:fbc-ad+@ An(p-1) +1=0 A n ez, then
(a+bx")P b o bc-ad ~(a+bx")P?
Jc+dx" e dJ(a+bX)p e d J c+dx" ax

Program code:

Int[(a_+b_.*x_"n_)"p_/ (c_+d_.*x_"n_),x_Symbol] :=
b/d*Int[ (a+b*x”*n)”~ (p-1),x] - (bxc-axd)/d*Int[ (a+bxx”*n)”"(p-1)/ (c+d*x"n),x] /;
FreeQ[{a,b,c,d,p},x] & NeQ[bxc-axd,0] &% EqQ[n* (p-1)+1,0] && IntegerQ[n]

12



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

1
1:J dx whenbc-ad#0
(a+bx") (c+dx")

Derivation: Algebraic expansion

Basis: L b - d

(a+b z) (c+d z) (bc-ad) (a+bz) (bc-ad) (c+dz)

Rule1.1.3.3.9.1:If bc - ad # 9, then

1 b 1 d 1
J dx — -J- dx - j dx
(a+bx") (c+dx") (bc-ad) a+bx" (bc-ad) c+dx"

Program code:

Int[1/((a_+b_.*x_"n_)*(c_+d_.*x_"n_)),x_Symbol] :=
b/ (bxc-axd) *xInt[1/ (a+bxx”n) ,x] - d/(bxc-axd) *Int[1/ (c+d*x”"n),x] /;
FreeQ[{a,b,c,d,n},x] && NeQ[bxc-axd,0]



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

(a+bx2)p
2. f—dlx whenbc-ad#0
c+dx?

1
1.J dx whenbc-ad#0 A (bc+3ad=0V bc-9ad==0)
(a+bx2)1/3 (c+dx2)

1
1. dx whenbc-ad#0 A bc+3ad==0
(a+bx2)1/3 (c+dx2)

1
1:J dlxwhenbc—ad;ee/\bc+3ad==e/\§>e
(a+bx2)1/3 (c+dx2)

Derivation: Integration by substitution

Basis: F[ (a+bx?)*?, x| = 200 supst[ L F[x, 22, x, (a+bx?)*?] o (a+bx?)™

—a+x3

Rule1.13.3.9.21151fbc-ad#@ Abc+3ad=0A ° >0 letqa\/g, then

1 3Vbx? X
J v dx — —Subst[J\ dx, x, (a+bx2)1/3]
(a+bx?*)™" (c+dx?) 2x m(bc—ad+dx3)
ﬁ V3 (a'/3-23 (a+b x2)1?) a3 gqx
qArcTanh[ ax ] qAr‘cTanh[ T ax ] qArcTan[q X] qAr‘cTan[amdu3 (arb )
+ + -
2.22/34[3 al/3 4 2.22/34[3 al/3 4 62%/3al/3d 2.:2%/3 3173 ¢

Program code:

Int[1/((a_+b_.%x_7~2)~(1/3) % (c_+d_.*x_"2)),x_Symbol] :=
With[{q=Rt[b/a,2]},
gxArcTanh[Sqrt[3]/ (g*Xx) ]/ (2x2~(2/3) *Sqrt[3]*a~ (1/3) xd) +
gxArcTanh[Sqrt[3] = (a” (1/3) -2~ (1/3) * (a+b*x*2) " (1/3))/ (a”(1/3) *qxXx) 1/ (2%x2” (2/3) *Sqrt[3] xa* (1/3) *xd) +
gxArcTan[qxXx]/ (6x2” (2/3) xa™(1/3) xd) -
qxArcTan[ (a* (1/3) *q*x) / (a”(1/3) +2~(1/3) x (a+b*x"2) "~ (1/3) )1/ (2%x2~(2/3) *a”~(1/3)xd)] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] & & EqQ[bxc+3xaxd,0] && PosQ[b/a]

14



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

1
Z:J dx whenbc-ad#0 Abc+3ad=0 A g;e
(a+bx2 c+dx?

)1/3 (

Rule1.13.3.92.1.12:1fbc-ad#@ Abc+3ad=0 A 2 10,letqs,[-2,then

V3 V3 (a2-212 (asbx?) V) al’? g x
1 5 q Ar‘cTan[ ax ] q Ar‘cTan[ 7 ax ] q ArcTanh[q x] q ArcTanh [ D (arb ) ]
X — + - +
(a+bx2)1/3 (c+dx?) 2.22/34[3 al/3 4 2.22/34[3 al/3 4 622333 d 2.:2%/3 313 ¢

Program code:

Int[1/((a_+b_.%x_7~2)~(1/3) % (c_+d_.%x_"2)),x_Symbol] :=
With[{q=Rt[-b/a,2]},
gxArcTan[Sqrt[3]/ (g*Xx) ]/ (2x2”(2/3) *Sqrt[3]*a* (1/3) xd) +
gxArcTan[Sqrt[3]* (a~(1/3) -2~ (1/3) * (a+bxx~2)~(1/3) )/ (a”(1/3) *q*Xx) ]/ (2%x2”~(2/3) *Sqrt[3] xa* (1/3) »d) -
gxArcTanh[q#x] / (6%2”(2/3) *a” (1/3) xd) +
gxArcTanh[ (a” (1/3) *q*x) / (@~ (1/3) +2” (1/3) » (a+b*x”2)~(1/3)) 1/ (2%x2~(2/3) *a~(1/3)xd)] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] & & EqQ[bxc+3xaxd,0] && NegQ[b/a]

15



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

1
Z.I dx whenbc-ad#0 A bc-9ad==0
(a+bx2)1/3 (c+dx2)
1 b
1:j dlxwhenbc—ad;eeAbc—9ad==0/\;>a
(a+bx2)1/3 (c+dx?)

Rule11.339.212.11:fbc-ad #@ Abc-9ad =0 A 2 >0,letas,[t, then

1 qArcTan[ 2X] qArcTan[ jsbx ] qArcTan[ 2u§:: ] qArcTanh[ 2 (asbx ]
2\1/3 N dx — - 12al/3 4 + 12 al/3 ¢ 122334 - i
(a+bx) (c+dx) 3 g
1 gqArcTan [ 931] g ArcTan [ 13_3(:22’_:)()_)_] qArcTanh [ a’-(arbx ]
2 ) T T n2aa 1221 d ) V3 all?
(a+bx?)™" (c+dx?) Ny

Program code:

Int[1/ ((a_+b_.*x_"2)"~(1/3) % (c_+d_.*x_"2)),x_Symbol] :=

With[{q=Rt[b/a,2]},

gxArcTan[q*x/3]/ (12xRt[a,3] *d) +

q*ArcTan[ (Rt[a,3]- (a+b*x*2)~ (1/3))~2/ (3*Rt[a,3]*2%qxX) ]/ (12*Rt[a,3]*d) -

g*ArcTanh[ (Sqrt[3]* (Rt[a,3]- (a+b*x*2)~(1/3))) / (Rt[a,3] *xq+Xx) ]/ (4*Sqrt[3]*Rt[a,3]+d)] /;
FreeQ[{a,b,c,d},x] &% NeQ[bxc-axd,0] & & EqQ[bxc-9xaxd,0] && PosQ[b/a]

1
2:j dx whenbc-ad#@ Abc-9ad=0A 240
(a+bx2)1/3 (c+dx2)

Rule1.1.3.3.9.2.1.2.1.1:If bc—ad+®@ A bc-9ad =90 A g + 0, letq-u/-g ,then

1/3 1/3

dx — -

1 qArcTanh[4*] q ArcTanh[_-(ﬂ)i] qArcTanh[M] qAr‘cTan[ (a 1/3—(a+hx2)”3) ]
(a+bx?)"? (c+dx?) 12a3d 12a'/3d 12a'/3d M/?amd
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

X a'’?-(a+bx?)'?)? - a+bx2 13
1 qAr‘cTanh[93—] qArcTanh[ 397 ax ] qAr‘cTan[ ]
dx — - + -
(a+bx2)1/3 (c+dx?) 12a'3d 12a'/3d a3 a3 d

Program code:

Int[1/ ((a_+b_.%*x_"2)"~(1/3) % (c_+d_.*x_"2)),x_Symbol] :=

With[{q=Rt[-b/a,2]},

-q*ArcTanh[q*x/3]/ (12xRt[a,3] »d) +

g*ArcTanh[ (Rt[a,3] - (a+bxx"2)~ (1/3))~2/ (3*Rt[a,3]~2+qxX) ]/ (12*Rt[a,3] *d) -

gq*ArcTan[ (Sqrt[3]* (Rt[a,3]- (a+bxx"2)~(1/3)))/ (Rt[a,3] *q*X) ]/ (4*xSqrt[3]*Rt[a,3]*d)] /;
FreeQ[{a,b,c,d},x] &% NeQ[bxc-axd,0] && EqQ[bxc-9xaxd,0] && NegQ[b/a]

2/3

a+bx
2: J dx whenbc-ad#0 A bc+3ad=0
c+dx?

Derivation: Algebraic expansion

BaS|S. (a+bx2)z/3 . b _ bc-ad
c+dx? d (a+b xz):l/3 d (a+b xz)l/3 (c+dx?)
Rule1.1.3.3.9.2.2:If bc-ad +#+0 A bc+3ad = 0,then

2)2/3

J-(a+bx 4 bj 1 4 bc-adJ 1 4
——dx — - X - X
c+dx? d (a+bx2)1/3 d (a+bx2)1/3 (c+dx?)

Program code:

Int[ (a_+b_.*x_"2)~(2/3)/(c_+d_.*x_"2),x_Symbol] :=
b/d*Int[1/ (a+bxx~2)~(1/3),x] - (bxc-axd) /d*Int[1/ ((a+bxx*2)~ (1/3) % (c+d*x"2)),x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] & EqQ[bxc+3xaxd,0]

1
3. dx whenbc-ad#0
J‘(a+bx2)1/4 (c+dx?)

17



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

1
1. dx whenbc-2ad=-0
-J‘(a+bx2)1/4 (c+dx2)
1 b
1: dx whenbc-2ad==0 A —>0
(a+bx2)1/4 (c+dx?) @

Reference: Enestrom index number E688 in The Euler Archive

Rule1.1.3.3.9.2.3.1.1:If bc - 2ad == 0 A 2—2 > 0, letq- (£), then
b+g*Va+bx?

j : dx — - Ar‘cTan[ ]_
(a+bx2)1/4 (c+dx?) 2adq qz‘x(a+bx2)1/4 2adq

b-g>Va+bx?

a3 x (a+bx2)1/4

ArcTanh [

]

Program code:

Int[1/ ((a_+b_.*x_"2)"(1/4) % (c_+d_.*x_"2)),x_Symbol] :=
With[{q=Rt[b”2/a,4]},
-b/ (2xaxdxq) *ArcTan[ (b+q*2xSqrt[a+bxx"2]) / (q*3*x* (a+bxx"2)~(1/4))] -
b/ (2xaxdxq) *ArcTanh[ (b-q*2xSqrt [a+bxx”*2]) / (q*3*x* (a+bxx*2)"*(1/4))]1] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc-2xaxd,0] && PosQ[b”2/a]

2: ! dlxwhenbc—Zad::QAﬁ}O
(a+bx2)l/4 (c+dx2) @

Reference: Enestrom index number E688 in The Euler Archive

Derivation: Integration by substitution

Basis:If bc -2 ad = 0,then ——2—— = 2 subst[ ——, x, —*—-] 5, —>

(a+bx2)1/'1 (c+d x?) dasb2xt’ 7’ (a+bx2)1/4 X (a+bx2)1/4
Rule1.1.3.3.9.2.3.1.2:1f bc -2ad =0 A 2 3 0, letq- (-£)™, then

a

1 2b 1 X
j dx — —SubstU-— dx, X, —]
(a+bx?)"* (c+dx?) d 4a+b?x* (a+bx?)™*




Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

X
ArcTan g

N
2V2 adgq \/rz_(a+bx2)1/4

Program code:

Int[1l/((a_+b_.*x_~2)~(1/4)*(c_+d_.*x_"2)),x_Symbol] :=
With[{q=Rt[-b”2/a,4]},
b/ (2%Sqrt[2] xaxd*q) *ArcTan[gxXx/ (Sqrt[2] * (a+b*x*2)"(1/4))] +
b/ (2xSqrt[2] *axdxq) *ArcTanh[qxXx/ (Sqrt[2] * (a+b*x*2)~(1/4))]1] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc-2xaxd,0] && NegQ[b”2/a]

]

+
2\[E-adq

ArcTanh

qx

V2 (a+bx?)**

]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

X: ! dlxwhenbc—Zad::GAﬁ}e
(a+bx2)1/4 (c+dx2) @

Reference: Enestrom index number E688 in The Euler Archive
Derivation: Integration by substitution

Basis:If bc -2ad ==0,then ——2—— - 2bsypst[—L—, x, — x

(a+bx2)1/4 (c+dx?) d aasb?xt’ 7’ (a+bx2)1/"j| x(a+bx2)1/4

Note: Although this antiderivative is real and continuous when the integrand is real, it is unnecessarily discontinuous
when the integrand is not real.

Rule1.1.3.3.9.2.3.1.2:1f bc-2ad =0 A 2 » 0, letq (-£)", then
1 2b 1 X
J‘(a+bx2)1/4 (c+dx2) = TSUbSt[J4a+b2x4 Do % (a+bx2)1/4]

b
— — ArcTan

+
2V2 adq \/?(a+bx2)1/4 42 adgq

qx ] b \/7qx+2(a+bx2)”4

Log
V2 qx-2 (a+bx2)1/4

]

Program code:

(* Int[1/((a_+b_.*x_"2)"(1/4) % (c_+d_.*x_"2)),x_Symbol] :=

With[{q=Rt[-b*2/a,4]},

b/ (2xSqrt[2] *axdxq) *ArcTan[q*Xx/ (Sqrt[2] * (a+bxx*2)~(1/4))] +

b/ (4xSqrt[2] *axdxq) xLog [ (SqQrt[2] xq*xx+2% (a+bxx*2) "~ (1/4)) / (Sqrt[2] *qxX-2x (a+bxx"2)~(1/4))]1] /;
FreeQ[{a,b,c,d},x] && EqQ[bxc-2xaxd,0] && NegQ[b”*2/a] x*)
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

2: = dx whenbc-ad#0
-J‘(a+bx2)1/4 (c+dx2)

Derivation: Piecewise constant extraction and integration by substitution

u /h_
Basis: 5, —~— =0

Basis: X = 2 Subst [ X » %, (a+bx?)¥*] 5 (a+bx?)?*
—bai (a+bx2)1/4 (c+dx?) 1—? (bc-ad+dx*)
© Rule1.1.3.3.9.23.2:1f bc - ad # @, then

a+bx?)"* (c+dx?)

’ bx
1 T a X
(a:bx) " (cadrd) —
_bx (
a

2 '_M
a x2
—Subst[J dx, X, (a+bx2)1/4]
X
.Jl-ﬁ (bc-ad+dx4)
a

Program code:

Int[1/ ((a_+b_.*x_"2)"~(1/4) % (c_+d_.*x_"2)),x_Symbol] :=
2xSqrt[-bxx”*2/a] /x*xSubst [Int [x*2/ (Sqrt[1-x"4/a] *x (bxc-axd+d*x*4)) ,x],X, (a+bx*x*2)"(1/4)] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0]

dx
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

4. ! dx whenbc-ad#0
J~(a+bx2)3/4 (c+dx2)

1
1: dx whenbc-2ad=-0
(a+bx2)3/4 (c+dx?)

Derivation: Algebraic expansion

Basis: : L _ ke
(a+b x2)3/4 (c+dx?) c (a+b x2)3/4 c (a+b xz)s/“ (c+dx?)
Note: There are terminal rules for JW axWhenbc-2ad-e.

Rule1.1.3.3.9.24.1:If bc - 2ad == 9, then

2

1 1 1 d X
J 2\3/4 2 dlx—>—j 23/4d1x——f 2\3/4 2
(a+bx?)™" (c+dx?) cJ (a+bx?) c¢J (a+bx?)™" (c+dx?)

Program code:

Int[1/((a_+b_.*x_"2)"(3/4) % (c_+d_.*x_"2)),x_Symbol] :=
1/c*Int[1/ (a+bxx"2) " (3/4) ,x] - d/cxInt[x"2/ ((a+bxx"2)"(3/4) *x (c+d*x"*2)),x] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc-2xaxd,0]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

2: = dx whenbc-ad#0
-J-(a+bx2):'”4 (c+dx2)

Derivation: Piecewise constant extranction and integration by substitution
] o
Basis: o, E =0

Basis: x F[xz] = iSubst[F[x] 5y X, xz] G

Rule1.1.3.3.9.2.4.2:1f bc - ad # 9, then

/ bt
1 T oa X
(a+bx2)3/4 (c+dx?) e X
’_ﬁ (
a

a+bx2)3/4 (c+dx2)
_bx
a 1
Subst[
2x
,‘, —ba—x (a+bx)3% (c+dx)

dx, X, xz]

Program code:

Int[1/ ((a_+b_.*x_"2)"(3/4) % (c_+d_.*x_"2)),x_Symbol] :=
Sqrt[-bxx~2/a]/ (2#%x) *Subst [Int [1/ (Sqrt[-bxx/a] * (a+bxX)~ (3/4) * (c+dxX) ) ,X],X,X*2] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0]

dx

—
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

a+bx
5: J dlxwhenbc—ad;éOAp>0
c+dx?

Derivation: Algebraic expansion

BaSIS. (atbz)P __ b (a+bz)P*  (bc-ad) (a+bz)P?
c+dz d d (c+d z)

Rule1.1.3.3.9.25:1f bc-ad + 0 A p > 0, then
(a+bx2)p b - bc-ad (a+bx2)p'1
J c+dx? dlx—»dJ\(a+bx)" - d J c +dx?

Program code:

Int[ (a_+b_.*x_"2)"p_./ (c_+d_.*x_"2),x_Symbol] :=
b/d*Int[ (a+bxx"2)~ (p-1),x] - (bxc-axd)/d+Int[ (a+b*x*2)" (p-1)/ (c+d*xx"2),x] /;
FreeQ[{a,b,c,d},x] & NeQ[bxc-a+d,0] & GtQ[p,0] && (EqQ[p,1/2] || EqQ[Denominator[p],4])

dx
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

a+bx
6: J dlxwhenbc—ad;éOAp<—1
c+dx?

Derivation: Algebraic expansion

BaSIS. (a+bz)P __ b (a+bz)?  _ d(a+bz)P?
' cdz  bc-ad (bc-ad) (c+dz)
Rule1.1.3.3.9.26:1f bc-ad + 0 A p < -1,then
a+bx? P b d a+bx? p+1
J—( . ) dx — —J(a+bx2)pdlx— J( ’ ) dx
c+dx? (bc-ad) (bc-ad) c+dx?

Program code:

Int[ (a_+b_.*x_"2)"p_/ (c_+d_.*x_"2),x_Symbol] :=
b/ (bxc-axd) *Int[ (a+b*x~2)*p,x] - d/(bxc-axd) *Int[ (a+bx*x"2)" (p+1)/ (c+d*x"2),x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] && LtQ[p,-1] && EqQ[Denominator[p],4] && (EqQ[p,-5/4] || EqQ[p,-7/4])

(a+bx“)p
3. j—dlx whenbc-ad#0
c+dx?

(a+bx*)
1. J—dlx whenbc-ad#0 A p>0
c+dx*

dx whenbc-ad#0

1 J'Va+bx4

c+dx*

a dx whenbc+ad==90
c+dx

1 J‘Va+bx4

dx whenbc+ad==90 A ab>0

1: J‘Va+bx4

c+dx?

Derivation: Integration by substitution
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

e . Va+bx* __ a [ X } X
Basis:If bc + ad == 0, then " Subst —1 2o %o N Ox N
Rule1.1.3.3.9.3.1.1.1.1:If bc+ad =0 A ab > 0,then

Ja+—bX4 dx — —Subst[j; dx, X, ;]
c+dx? c 1-4abx* Varbx?

Program code:

Int[Sqrt[a_+b_.*x_"4]/(c_+d_.*x_"4),x_Symbol] :=
a/cxSubst[Int[1/ (1-4xaxbxx"4),x],Xx,x/Sqrt[a+bxx"4]] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc+axd,0] && PosQ[axb]

a+bx
2: j dx whenbc+ad==90 A ab}0
c+dx?

Contributed by Martin Welz on 31 January 2017

Rule1.1.3.3.9.3.1.1.1.2:If bc+ad =0 A ab 3 0,letq—> (-ab)1/4 then
J~Va+bx4 ax (a+q®>x?) ax (a-q*x?)
—4d1x — Ar'cTan[ ]+ ArcTanh[—]
c+dx 2¢cq aVa+bx* 2cq aVa+bx*

Program code:

Int[Sqrt[a_+b_.*x_"4]/ (c_+d_.*x_"4),x_Symbol] :=

With[{gq=Rt[-axb,4]},

a/ (2xcxq) *ArcTan [g*X* (a+q~2xXx"2) / (a*xSqrt[a+bxx*4])] + a/ (2xcxq) *ArcTanh[q*Xx* (a-q*2xx"2) / (a*Sqrt[a+bxx"4])1] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc+axd,0] && NegQ[axb]



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

a+bx
2: j dx whenbc-ad#0
c+dx?

Derivation: Algebraic expansion

BaSiS: Vasbz - b B bc-ad
c+dz dvatbz dVa+bz (c+dz)
 Rule1.1.3.3.9.3.1.1.2:1f bc - ad # 0, then

a+bx b 1 bc-ad 1
[l g Lty ax-
c+dx dJ \Va+ibx* d m(c+dx4)

Program code:

Int[Sqrt[a_+b_.*x_"4]/(c_+d_.*x_"4),x_Symbol] :=
b/d+Int[1/Sqrt[a+bxx"4],x] - (bxc-axd)/d+Int[1/ (Sqrt[a+b*x*4]x (c+d*x”4)),x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0]

1/4

a+bx
2: J- dx whenbc-adz0
c+dx?

Derivation: Piecewise constant extraction and integration by substitution

Basis: a,Va + bx? =0
Basis: = Subst [ . > X, —A—] g —X—
a (a+bx4)1/" (cvdx?) V1-bx* (c-(bc-ad) x*) (a+bx?) (a+bx?)
a+bx?

Rule 1.1.3.3.9.3.1.2:If bc - ad # 9, then

dx
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

a+bx 4 ,
( dlx—»'\/a+bx dx
c+dx? a+bx*
o a+bx 4 c+dx)

— '\/a+bx ‘, Subst[J dx, X, —1/4]
a+bx? \/74 c—(bc—ad)x) (a+bx*)

Program code:

Int[ (a_+b_.*x_"4)"(1/4)/ (c_+d_.*x_"4) ,x_Symbol] :=
Sqrt[a+bxx”*4] xSqrt[a/ (a+bxx"4) ] *Subst[Int[1/ (Sqrt[1-bxx"4] % (c- (bxc-axd) *x*4)),x],X,x/ (a+bxx*4)~(1/4)] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0]

5/4

a+bx
3: J dx whenbc-ad#0
c+dx?

Derivation: Algebraic expansion

BaS|S (a+bz)P . b (a+bz)P'  (bc-ad) (a+bz)P?
+dz d d (c+d z)

Rule 1.1.3.3.9.3.1.3:If bc - ad # 9, then

4)5/4 4)1/4

a+bx b bc-ad a+bx
J-(—d]x—> —J(a+bx4)1/4dx— j( dx
c+dx?* d d c+dx*

Program code:

Int[(a_+b_.*x_"4)"(5/4)/(c_+d_.*x_"4) ,x_Symbol] :=
b/d+Int[ (a+bxx”~4)~(1/4),x] - (bxc-axd)/dxInt[ (a+bxx"4)"(1/4)/ (c+d*x"4),x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0]

(a+bx)
2. J—dlx when bc-ad#0 A p<©
c+dx*



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

1
1:J dx whenbc-ad#0
Va+bx* (c+dx*)

Derivation: Algebraic expansion

Basis: —1— == 1 + 1
c+d x
2cC 17/7% x2 2c 1+/7% X2
" Rule1.1.3.3.932.1:1f bc-ad # @, then

J 1 1 1 1 1
dx — — dx + — dx
Va+bx* (c+dx* 2c 2c
* ( * ) Ya+bx* |1- —‘:— x2 YVa+bx* |1+ —% x2

Program code:

Int[1/ (Sqrt[a_+b_.*x_"4]* (c_+d_.*x_"4)),x_Symbol] :=
1/ (2xc) *Int[1/ (Sqrt[a+bx*x*4] » (1-Rt[-d/c,2]*x"2)),x] + 1/ (2xc)*Int[1/ (Sqrt[a+b*xx"4]* (1+Rt[-d/c,2]*x"*2)),x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

2: = dx whenbc-ad#0
-J-(a+bx")3/4 (c+dx4)

Derivation: Algebraic expansion

BaSIS- (a+bz)P __ b (a+bz)?  _ d (a+bz)P
' c+dz  bc-ad (bc-ad) (c+dz)
Rule 1.1.3.3.9.3.2.2:1f bc - ad # 9, then

1 b 1 d (a+bx*)**
j dx — j dx - J dx
(a+bx*)** (c+dx?) (bc-ad) J (a+bx*)** (bc-ad) c+dx*

Program code:

Int[1/ ((a_+b_.#*x_"4)~(3/4)* (c_+d_.*x_"4)),x_Symbol] :=
b/ (bxc-a%d) *Int[1/ (a+b*x"4)~ (3/4) ,x] - d/ (bxc-axd) *Int[ (a+bxx"4)~ (1/4) / (c+d*x"4),x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

(a+bx3)p .
4, J—dlx whenbc-ad#0@ Abc+ad=0 Ap-=-€zZ
c+dx3 3

(a+bx?)™?
1: J.—dlx whenbc-ad#0@ Abc+ad=0
c+dx3

Derivation: Integration by substitution

Basis:If bc +ad == 0,letq- (%)™, then (ax0X)P 92 gt x , x, —dax_1 5 _(:ax)
a c+d x3 cq (4-ax?) (1+2ax3) (a+bx3)1/3 (a+bx3)1/3

 Rulell13394L:fbc-ad#@ Abcrad=0,letq- (2)'7,

(a+bx3)1/3 9a X
j— dx — —Subst[‘f dx, X,
c+dx3 cq (4-ax?) (1+2ax?) (a+bx3)1/3

Program code:

Int[(a_+b_.%x_7~3)~(1/3)/(c_+d_.*x_~3),x_Symbol]

With[{q=Rt[b/a,3]},
9%a/ (cxq) *Subst [Int [X/ ((4-a%x"3) * (1+2xa*X"3) ) ,X],X, (1+q*X) / (a+bxx*3)*(1/3)1] /;

FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] & EqQ[bxc+axd,0]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g 32

1
Z:J dx whenbc-ad#@ A bc+ad==0
a+bx c+dx

3)2/3 (

Derivation: Algebraic expansion

__ b(a+bz)P? (c+dz)¥**  d (a+bz)P* (c+d2)9
bc-ad bc-ad

Basis: (a+bz)? (c+dz)?

Rule1.1.3.3.9.4.2:1f bc-ad +#0 AN bc+ad=0,then

1/3
a+bx /

1
dx dx - dx
J(a+bx3)2/3(c+dx3) - bc—adj(a+bx3)2/3 bc—adj c+dx3

Program code:
Int[1/((a_+b_.*x_"3)"(2/3)*(c_+d_.*x_"3)),x_Symbol] :=

b/ (bxc-axd) *Int[1/ (a+bxx"3)~(2/3),x] - d/ (bxc-axd) *Int[ (a+bxx"3)~(1/3)/ (c+d*x”3),Xx] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] & EqQ[bxc+axd,0]

10. J(a+bx")" (c+dx")qdlx when bc-ad#0 A p<-1

1. J(a+bx")p (c+dx")%dx when bc-ad#@ A p<-1AQq>0

Va+bx? b d
1: J—d]x when2>0 A £>0
(c+dx2)3/2 a €

Derivation: Piecewise constant extraction
A/ a+b x2 -9
W c (a+b x?

a (c+dx?)

Basis: Oy

Rule1.1.3.3.10.1.1:1f 2 >0 A ¢ > @, then



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

4 a+bx
Va+bx? Va+bx® \]a (c+dx?) Va+bx2 d
—dx EllipticE[ArcTan[ - x],
(C+dX2)3/2 c abx C+dX [ a2 c ab ¢
4' + + X
C+dX a c+dx C+dX

a c+dx
,C+dX \/c a+bx! c (a+b x? (C+dX c a+bx

c+d x?) \/ a (c+dx?) a (c+dx?)
EllipticE [Ar‘cTan[ - x - —
c+dx?
Va+bx?

J\Va+bx2 ax
(

2\ 3/2
c+dx) cVa+bx®

Program code:

Int[Sqrt[a_+b_.xx_"2]/ (c_+d_.*x_"2)"(3/2),x_Symbol] :=
Sqrt[a+bxx”2]/ (cxRt[d/c,2] *Sqrt[c+d*xx"2] x*Sqrt[c* (a+bxx”"2) / (a* (c+d%xx”~2))]) xE1lipticE [ArcTan[Rt[d/c,2]*x],1-bxc/ (axd)] /;
FreeQ[{a,b,c,d},x] && PosQ[b/a] && PosQ[d/c]

(* Int[Sqrt[a_+b_.xx_"2]/ (c_+d_.*x_"2)"(3/2),x_Symbol] :=
axSqrt[c+d*x”2] xSqrt[ (cx (a+bxx"2)) / (a* (c+dxx”*2) )]/ (c~2xRt[d/c,2] *Sqrt[a+bxx~2]) xE1lipticE [ArcTan[Rt[d/c,2]xXx],1-bxc/ (axd)] /;
FreeQ[{a,b,c,d},x] &% PosQ[b/a] && PosQ[d/c] =x)
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

2: J-(a+bx")p(c+dx“)qdlx whenbc-ad#0 A p<-1A0<q<1

Derivation: Binomial product recurrence 1withA = 1andB = 0

Rule1.1.3.3.10.1.2:If bc-ad +@ A p< -1 A @< q< 1,then

X (a+bx")"‘1 (c+dx")q
J‘(a+bx“)p(c+dx")qdlx—> - +
an(p+1)

1
mf(a+bx")"”1 (c+dx")q'1 (c(n(p+1) +1) +d (n (p+q+1) +1) x") dx
+

Program code:

Int[(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=

-X#* (a+bxx”~n) ~ (p+1) * (c+dxx*n)*q/ (axnx (p+1)) +

1/ (a*xnx (p+1)) *Int[ (a+bxx”~n) A (p+1) » (C+d*x"n) ~ (q-1) *Simp[c* (n* (p+1) +1) +d* (n* (p+q+1) +1) x*x*n,X] ,x] /5
FreeQ[{a,b,c,d,n},x] && NeQ[bxc-axd,0] & LtQ[p,-1] && LtQ[0,q,1] && IntBinomialQ[a,b,c,d,n,p,q,Xx]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

3: J(a+bx")p(c+dx“)qd1x whenbc-ad#0 A p<-1Aq>1

Derivation: Binomial product recurrence 1withA = ¢,B=dandg=q-1

Rule1.1.3.3.10.1.3:If bc-ad +@ A p< -1 A g > 1,then

(ad-bc) x (a+bx")P* (c+dx)%?

J.(a+bx")p(c+dx")qdlx—> -

abn (p+1)

1
mj(anbx“)"’+1 (c+dx")q'2 (c(@ad-bc(n(p+1) +1)) +d (ad (n(q-1) +1) -bc (n (p+q) +1)) x") dx
+

Program code:

Int[(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=
(axd-cxb) *x* (a+bxx”n) ~ (p+1) * (c+d*x*n) ~ (q-1) / (axbxnx (p+1)) -
1/ (axbxnx (p+1)) %
Int [ (a+bxx”~n) A (p+1) * (C+d*Xx”*n) ~ (q-2) *Simp[c* (axd-Ccxbx (n* (p+1) +1) ) +d* (axdx (nx (q-1) +1) -b*C* (nx (p+q) +1) ) *x*n, Xx] ,x] /5
FreeQ[{a,b,c,d,n},x] & NeQ[bxc-axd,0] &% LtQ[p,-1] && GtQ[q,1] && IntBinomialQ[a,b,c,d,n,p,q,Xx]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

2: J(a+bx")p (c+dx")%dx whenbc-ad#@ A p<-1

Derivation: Binomial product recurrence 2awithA = 1andB = @

Rule1.1.3.3.10.1.2:If bc-ad + @ A p < -1, then

b x (a+bx“)""1 (c+dx")q’1
J‘(a+bx")p(c+dx")qd1x—> - +
an(p+1) (bc-ad)

1

J.(a+bx")ID+1 (c+dx")% (bc+n (p+1) (bc-ad) +db (n (p+q+2) +1) x") dx
an(p+1) (bc-ad)

Program code:

Int[(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=
-b#x* (a+bx*x*n) ~ (p+1) * (c+d*x*n) ~ (q+1) / (a*n* (p+1) * (bxc-axd)) +
1/ (a*nx (p+1) * (bxc-axd) )
Int[ (a+b*x"n) " (p+1) * (C+d#Xx"Nn) AqxSimp [bxC+nx (p+1) » (bxc-axd) +dxbx (nx (p+q+2) +1) #xn,x],x]| /;
FreeQ[{a,b,c,d,n,q},x] &% NeQ[bxc-axd,0] &&% LtQ[p,-1] && Not[Not[IntegerQ[p]] && IntegerQ[q] && LtQ[q,-1]] &&
IntBinomialQ[a,b,c,d,n,p,q,Xx]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

11: j(a+bx")p(c+dx")qd1x whenbc-ad #0 AnNeZ*ApeZ AqeZ Ap+q>0

Derivation: Algebraic expansion
 Rulel.1.33.11:fbc-ad +@ ANNeZ"ANpeZ NQeZ N p+q>0,then

J(a +bx")? (c+dx")%dx — JExpandIntegr‘and [(a+bx")? (c+dx")?, x] dx

Program code:

Int[(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)~q_,x_Symbol]
Int [ExpandIntegrand[ (a+bxx”n)*p* (c+d*x”n)*q,x],x] /;
FreeQ[{a,b,c,d},x] &% NeQ[bxc-axd,0] & IGtQ[n,0] && IntegersQ[p,q] && GtQ[p+q,0]

37



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

12. f(a+bx")p (c+dx")%dx when bc-ad#@ A q>0

1: J(a+bx")p (c+dx")%dx whenbc-ad#@ Aq>1An(p+q) +1+#0

Derivation: Binomial product recurrence 3awithA = c,B=dandq=q-1

Rulel1.1.33.12.1:If bc-ad+@ Agq>1 An(p+q) +1+0,then
dx(a+bx")p+1 (c+dx")q'1
b(n(p+q) +1)

J(a+bx")p(c+dx")q'2 (c(bc(n(p+q)+1) -ad) +d (bc (n(p+2q-1) +1) -ad (n(q-1) +1)) x") dx

J~(a+bx")ID (c+dx")qd1x —
1
b(n(p+q) +1)

Program code:

Int[(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=
dxx* (a+bxx”n) ~ (p+1) * (c+d*x*n) ~ (q-1) / (b* (n* (p+q) +1)) +
1/ (b* (n* (p+q) +1) ) *
Int[(a+b*x"n)"p*(c+d*x"n)"(q—2)*Simp[c*(b*c*(n*(p+q)+1)—a*d)+d*(b*c*(n*(p+2*q—1)+1)—a*d*(n*(q—1)+1))*x"n,x],x] /5
FreeQ[{a,b,c,d,n,p},x] & NeQ[bxc-axd,0] && GtQ[q,1] && NeQ[n=x (p+q)+1,0] && Not[IGtQ[p,1]] && IntBinomialQ[a,b,c,d,n,p,q,x]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

2: J(a+bx")p (c+dx")%dx whenbc-ad#6 A q>@ A p>@

Derivation: Binomial product recurrence 2b withm = 9,A = a,B=bandp=p -1
Rule1.1.3.3.12.2:1f bc-ad +© A q>0 A p > 0,then
J\(a+bX")'J (C+dx")qdlx —

x (a+bx")? (c+dx")? n » .
T e sl +n(p - lj(a+bx")p (c+dx")%" (ac (p+q) + (qa (bc-ad) +ad (p+q)) x") dx
+ + + +

Program code:

Int[(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)~q_,x_Symbol] :=

X* (a+b*x”~n) *px (c+d*x"n) *q/ (n* (p+q) +1) +

n/ (n* (p+q) +1) *Int[ (a+bxx”*n) A (p-1) » (c+d*x"n) ~ (q-1) *Simp[a*xc* (p+q) + (q* (bxc-axd) +axd* (p+q) ) *x”n, x] ,x] /8
FreeQ[{a,b,c,d,n},x] && NeQ[bxc-axd,0] && GtQ[q,09] && GtQ[p,0] && IntBinomialQ[a,b,c,d,n,p,q,X]

a+bx )
13. j dlxwhenbc—ad;eO/\p2==4—
Ve+dx®

1
1.j dx whenbc-ad#0
Va+bx? Vec+dx?

1 d b
1:J d]xwhenz>0/\;>0
YVa+bx2 Vec+dx?

Derivation: Piecewise constant extraction

. a (c+dx?)
Basis: Oy — ==
N

Rule 1.1.3.3.13.1.1: If g >0 A g > 0, then




Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

dx

Ya+bx2 Vec+dx? ¢ (asbx?)
Ve+dx?
a c+dx

[ a+bx
1 Va+bx® \jac'fdx Va+bx? L. d
E111pt1cF[Ar'cTan[ - x], 1-
c

a+bx?

a c+dx

dx
YVa+bx? Vec+dx? cVa+bx?

bc

ad

m\/ c (a+bx? \/c a+b x? ) m [ a+bx2)

1 (c+dx?) c+d x?) \' a (c+dx?) d bc

— dx — EllipticF [Ar‘cTan[J - x] > 1- —]
c ad

a+bx?
c %\/a+bx2

Program code:

Int[1/ (Sqrt[a_+b_.xx_"2]*Sqrt[c_+d_.xx_"2]),x_Symbol] :=
Sqgrt[a+bxx”2]/ (axRt[d/c,2] *Sqrt[c+d*xx"2] x*Sqrt[c* (a+bxx”"2) / (a* (c+d%xx”~2))]) xE1lipticF [ArcTan[Rt[d/c,2]*x],1-bxc/ (axd)] /;
FreeQ[{a,b,c,d},x] & PosQ[d/c] & PosQ[b/a] && Not[SimplersqrtQ[b/a,d/c]]

(* Int[1/(Sqrt[a_+b_.xx_"2]*Sqrt[c_+d_.xx_"2]),x_Symbol] :=
Sgrt[c+d*x”2] xSqrt[c* (a+bxx"2) / (a* (c+dxx*2) )]/ (c*Rt[d/c,2] *Sqrt[a+bxx”*2]) xE1lipticF [ArcTan[Rt[d/c,2]*Xx],1-bxc/ (axd)] /;
FreeQ[{a,b,c,d},x] & PosQ[d/c] & PosQ[b/a] && Not[SimplersqrtQ[b/a,d/c]] =)
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

1 d
Z.J dlxwhen;j»e
Va+bx® Vc+dx?

1
1:J- dlxwhenfie/\c>0/\a>0
Va+bx? Vec+dx?

Rule1.13.3.13.1.2.1:1f £ 3@ A c >0 A a > 0,then

1 1 d bc
J dx —» ———— EllipticF[ArcSin[." -— x], —]
Va+bx? Vc+dx? c ad

v:ﬁ\/?

Program code:

Int[1/ (Sqrt[a_+b_.xx_"2]*Sqrt[c_+d_.xx_"2]),x_Symbol] :=
1/(Sqrt[a]*Sqrt[c]+Rt[-d/c,2]) *E1lipticF [ArcSin[Rt[-d/c,2]+x],bxc/ (axd)] /;
FreeQ[{a,b,c,d},x] &% NegQ[d/c] && GtQ[c,0] && GtQ[a,0] && Not[NegQ[b/a] && Simplequr‘tQ[—b/a,—d/c]]

1

Z:J
Va+bx®2 Vec+dx?

dlxwhen%}@/\c>e/\a—bd—°>0

Rule 1.1.3.3.13.1.2.2: If% +OAC>0 A a- bd—c > 0, then

1 1 , d bc
J dx — - EllipticF[Ar‘cCos[ -— x], 5 d]
Ya+bx® Vc+dx? ¢ c-a
VT 4[4 fa-te

Program code:

Int[1/ (Sqrt[a_+b_.*x_"2]*Sqrt[c_+d_.*x_"2]),x_Symbol] :=
-1/ (Sqrt[c]*Rt[-d/c,2]xSqrt[a-bxc/d]) *E1lipticF [ArcCos [Rt[-d/c,2] xx],bxc/ (bxc-axd)] /;
FreeQ[{a,b,c,d},x] && NegQ[d/c] && GtQ[c,0] && GtQ[a-bxc/d,0]



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

1
3:I dlxwhen%}e/\c}e
Va+bx

2 \crdx?

Derivation: Piecewise constant extraction

149 %2
(o

Basis: Oy N =0
C+d X

Rule 1.1.3.3.13.1.2.3:If ¢ }9 A C ¥ 0, then

dx

J 1 4'1+—X
Ya+bx? Vec+dx? Verdx? J\
’ * * Va+bx?

Program code:

Int[1/(Sqrt[a_+b_.*x_"2]*Sqrt[c_+d_.xx_"2]),x_Symbol] :=
Sqrt[1+d/c*x”2]/Sqrt[c+d*x*2] *Int[1/ (Sqrt[a+bxx"*2]*Sqrt[1+d/c*x"2]),Xx] /;
FreeQ[{a,b,c,d},x] && Not[GtQ[c,0]]

dx whenbc-ad#0

ZJ«/W
1Jm
1_jm

dx when % >0

dx when%>0A §>0

Derivation: Algebraic expansion



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

. 2
Basis: 1/ a + b x? a__ , _bx
\/a+bx2 v a+b x2

Rule 1.1.3.3.13.2.1.1: If % >0 A g > 0, then

2

Va+bx? 1 X
J—dlx—»aj d1x+bf dx
Vec+dx? Ya+bx2 Vc+dx? Va+bx? Vec+dx?

Program code:

Int[Sqrt[a_+b_.x*x_"2]/Sqrt[c_+d_.xx_"2],x_Symbol] :=
axInt[1/ (Sqrt[a+bxx"2] *Sqrt[c+d*x*2]),x] + bxInt[x"2/ (Sqrt[a+b*xx"2]*Sqrt[c+d*x*2]),x] /;
FreeQ[{a,b,c,d},x] && PosQ[d/c] && PosQ[b/a]

a+bx d b
2: J dlxwhen:>0A;$0

Vec+dx?

Derivation: Algebraic expansion
Basis: Vatbx? b crdx® bc-ad

" Jc+d x2 d+/a+b x? d+/a+b x? c+d x?
Rule1.1.3.3.13.2.1.2:1f ¢ >0 A 2 % 0, then

JVa+bx2 4 bJVCerXZ 4 bc—adj 1 4
—dx — -— X - x
Vec+dx? dJ \a:bx2 d Ya+bx2 Vec+dx?

Program code:

Int[Sqrt[a_+b_.xx_"2]/Sqrt[c_+d_.xx_"2],x_Symbol] :=
b/d*Int[Sqrt[c+dxx"2]/Sqrt[a+bxx"2],x] - (bxc-axd)/d*Int[1/(Sqrt[a+bxx"2]*Sqrt[c+d*x"2]),x] /;
FreeQ[{a,b,c,d},x] &% PosQ[d/c] &% NegQ[b/a]



Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

a+bx d
2. j dlxwhen:j»e

1Jm
1.Jm

dx whenf}e/\c>0

dlxwhen%}@/\c>0/\a>0

Rule 1.1.3.3.13.2.2.1.1:If ¢ }GA c>0 A a>0,then

Va+bx? Va d
—dx — —EllipticE[Ar‘cSin[ -— x],
Ve+dx? c

Ve -t

Program code:

Int[Sqrt[a_+b_.xx_"2]/Sqrt[c_+d_.xx_"2],x_Symbol] :=
Sgrt[a]/ (Sqrt[c]*Rt[-d/c,2]) xE1llipticE [Arcsin [Rt[-d/c,2] *x],bxc/ (a*d)] /5
FreeQ[{a,b,c,d},x] && NegQ[d/c] && GtQ[c,0] && GtQ[a,0]

bc

ad
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

2 J-Va+bxz
Vec+dx?

dlxwhen%;ﬁe/\c>0/\a—bd—c>0

Rule 1.1.3.3.13.2.2.1.2: |fd }0/\c>0/\a—b—c>0,then

_be
d

J\/a+bx2 g
— dx

E111pt1cE[Ar‘cCos[J - x] 5 d
c+dx? c-a
< N

Program code:

Int[Sqrt[a_+b_.x*x_"2]/Sqrt[c_+d_.xx_"2],x_Symbol] :=
-Sqrt[a-bxc/d]/ (Sqrt[c]*Rt[-d/c,2]) xE1lipticE [ArcCos [Rt[-d/c,2] xx],bxc/ (bxc-axd)] /;
FreeQ[{a,b,c,d},x] && NegQ[d/c] && GtQ[c,0] && GtQ[a-bxc/d,0]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

a+bx d
3: j dlxwhen;}e/\c>eAa}0

Vec+dx?

Derivation: Piecewise constant extraction

Rule1.1.3.3.13.2.2.1.3: If 4 O ANC>0 AN aro, then

b 2

1+=X
Va+bx? 4 Va+bx? \j a 4
_— X

X —

Ve +dx? \/1 b o Ve +dx?
+ = X
a

Program code:

Int[Sqrt[a_+b_.*x_"2]/Sqrt[c_+d_.xx_"2],x_Symbol] :=
Sgrt[a+bxx~2]/Sqrt[1+b/axx*2] xInt[Sqrt[1l+b/axx"2]/Sqrt[c+d*x*2],x] /;
FreeQ[{a,b,c,d},x] && NegQ[d/c] && GtQ[c,0] && Not[GtQ[a,0]]

a+bx d
2: j dlxwhen:;OAcia

Vec+dx?

Derivation: Piecewise constant extraction

? 1+ 9 %2
Basis: Oy =0

A/ c+d x2 o
Rule 1.1.3.3.13.2.2.2: If % + 0 A C # 0,then
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

dx

Vec+dx? Ve +dx?

Va+bx? \/ J a+bx?
\/ o

Program code:

Int[Sqrt[a_+b_.xx_"2]/Sqrt[c_+d_.xx_"2],x_Symbol] :=
Sgrt[1+d/c*x”2] /Sqrt[c+d*x*2] *Int [Sqrt[a+bxx”"2]/Sqrt[1+d/c*x*2],x] /;
FreeQ[{a,b,c,d},x] && NegQ[d/c] && Not[GtQ[c,0]]

14: J(a+bx")p (c+dx“)qdlx whenbc-ad #0 A pez*

Derivation: Algebraic expansion

Rulel.1.3.3.14:If bc-ad +#+0 A p e Z*,then

f(a +bx")? (c+dx")%dx — jExpandIntegr‘and [(a+bx")? (c+dx")9, x] dx

Program code:

Int[(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)~q_,x_Symbol] :=
Int [ExpandIntegrand[ (a+bxx"n) " p* (c+d*x”*n)"q,x],x] /;
FreeQ[{a,b,c,d,n,q},x] && NeQ[bxc-axd,0] && IGtQ[p,9]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

A. J(a+bx“)p (c+dx")qd1x whenbc-ad#0 A n#-1

1: J(a+bx")p (c+dx")%dx whenbc-ad#@ An#-1 A (pezZ V a>0) A (QEZ V C>0)

Rule1.1.3.3Al:lf bc-ad+@ An+-1A (pecZVa>0) A (qeZ V c>0),then

1 1 b x" dx"
J(a+bx“)p(c+dx")qd1x—> apcquppellFl[—, -p, -q, 1+ —, - X S - X ]
n n a c

Program code:

Int[(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)~q_,x_Symbol] :=
a*pxcrqxx*xAppellFl[1/n,-p,-q,1+1/n,-bxx*n/a,-dxx*n/c] /;
FreeQ[{a,b,c,d,n,p,q},x] && NeQ[bxc-axd,0] & & NeQ[n,-1] &% (IntegerQ[p] || GtQ[a,0]) && (IntegerQ[q] || GtQ[c,0])

2: J‘(a+bx")’J (c+dx")9dx whenbc-ad#@ An#-1A -~ (pez V a>0)

Derivation: Piecewise constant extraction

Basis: 9, 2tbx)” __ g

1eee)?

Rule1.1.3.3.A2:lf bc-ad+@ An+ -1 A~ (peZ V a>0),then

aIntPart[p] (a +b Xn) FracPart[p]

nyp
(1+bx] (c+dx")qdlx
a

J(a+bx")p (c+dx")qdlx —
(1 . E)Fr‘acPar‘t[p]
a

Program code:

Int[(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)~q_,x_Symbol] :=
a*IntPart[p] * (a+bxx”~n) *FracPart[p]/ (1+bxx~n/a) *FracPart[p] *Int[ (1+bxx”n/a) *p* (c+dxx"n)*q,x] /;
FreeQ[{a,b,c,d,n,p,q},x] & & NeQ[bxc-axd,0] && NeQ[n,-1] &% Not[IntegerQ[p] || GtQ[a,0]]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

S: J(a+bu")p (c+du")qd1x when u=e + fx

Derivation: Integration by substitution

Rule 1.1.3.3.S:If u == e + f x, then

1
j(a+bu")" (c+du")dax — ;Subst[j(a+bx")p (c+dx")%dx, x, u]

Program code:

Int[(a_.+b_.*u_“*n_)"p_.*(c_.+d_.*u_"n_)"q_.,x_Symbol]
1/Coe-F-Ficient[u,x,1]*Subst[Int[(a+b*x"n)"p*(c+d*x"n)"q,x],x,u] /5
FreeQ[{a,b,c,d,n,p,q},x] && LinearQ[u,x] && NeQ[u,X]

N: JPXPQqux when Py ==a+b (e+fx)" AQu=c+d (e+Ffx)"

Derivation: Algebraic normalization
 Rule1.1.33.N:If Py==a+b(e+FfX)" AQy=c+d (e+fx)", then

Jpprqux — J(a+b (e+£x)")° (c+d (e+Ffx)")Tax

Program code:

Int[u_”"p_.*v_"q_.,x_Symbol]
Int[NormalizePseudoBinomial [u,x]~p*NormalizePseudoBinomial[v,x]"q,x] /;

FreeQ[{p,q},x] && PseudoBinomialPairQ[u,V,Xx]

Int[x_"m_.*u_"p_.*v_"q_.,x_Symbol]
Int [NormalizePseudoBinomial [X~ (m/p) xu,x] *pxNormalizePseudoBinomial[v, x] "q,x] /5

FreeQ[{p,q},x] && IntegersQ[p,m/p] && PseudoBinomialPairQ[x” (m/p) xu,Vv,Xx]
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

(* IntBinomialQ[a,b,c,d,n,p,q,x] returns True iff (a+bxx”n)~px(c+d*x”n)~q is integrable wrt x in terms of non-Appell functions. x)
IntBinomialQ[a_,b_,c_,d_,n_,p_,q_,x_Symbol] :=

IntegersQ[p,q] || IGtQ[p,0] || IGtQ[q,0] ||

(EqQ[n,2] || EqQ[n,4]) &% (IntegersQ[p,4xq] || IntegersQ[4xp,ql) ||

EqQ[n,2] & (IntegersQ[2xp,2xq] || IntegersQ[3xp,q] && EqQ[bxc+3xaxd,0] || IntegersQ[p,3+q] &% EqQ[3xbxc+axd,0]) ||

EqQ[n,3] && (IntegersQ[p+1/3,q] || IntegersQ[q+1/3,p]) ||

EqQ[n,3] & (IntegersQ[p+2/3,9q] || IntegersQ[q+2/3,p]) && EqQ[bxc+axd,0]

Rules for integrands of the form (a + bx")P (c +dx™")9

1: J(a+bx“)p (c+dx™)*dx when qez

Derivation: Algebraic normalization

Basis: If g € Z,then (c +d x ")d == d:cx)3

x4

Rule 1.1.3.3.15.1: If g € Z, then

a+bx”)p (d+cx'")q

J(a+bx")p(c+dx‘")qd1x—> J( — dx

Program code:

Int[(a_+b_.*x_"n_.)"p_.*(c_+d_.*x_"mn_.)"q_.,x_Symbol] :=
Int[ (a+b*x”n) *p* (d+c*x”*n) *q/x” (n*q) ,x] /;
FreeQ[{a,b,c,d,n,p},x] & & EqQ[mn,-n] && IntegerQ[q] && (PosQ[n] || Not[IntegerQ[p]])
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Rules for integrands of the form (a+b x”~n)”p (c+d x~n)"g

2: J(a+bx“)" (c+dx™)?*dx when q¢z A pe¢z

Derivation: Piecewise constant extraction

Basis: Oy X" (c+dx M3 __ g

(d+cxM)d
. nqg -ny\q n FracPart[q] -n\ FracPart[q]
Basis: X (c4dx M9 __ X (c+d x™M)
(d+CXn)q (d+C Xn>Fr‘acPar‘t[q]

Rule1.1.3.3.15.2:If ¢ Z A p ¢ Z,then

XN FracPart[q] (C +d X_n)Fr‘acPar't[q] (a " bxn)P (d +C xn)q
(a+bx")? (c+dx™)Tdx — dx
(d +C Xn) FracPart[q] x4

Program code:

Int[ (a_+b_.*x_"n_.)"p_x(c_+d_.*x_"mn_.)"q_,x_Symbol] :=
X” (nxFracPart[q]) * (c+d*x” (-n) ) *FracPart[q] / (d+cxx”*n) *FracPart[q] *Int [ (a+b*x"n) *p* (d+c*x"n) *q/Xx* (n*q) ,x] /;
FreeQ[{a,b,c,d,n,p,q},x] & & EqQ[mn,-n] &% Not[IntegerQ[q]] && Not[IntegerQ[p]]
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